This paper considers a variety of econometric models for the joint distribution of stock and bond returns in the presence of regime switching dynamics. While simple two-or three-state models capture the univariate dynamics in bond and stock returns, a more complicated four state model with regimes characterized as crash, slow growth, bull and bull burst states is required to capture the joint distribution of stock and bond returns. The transition probability matrix has a very particular form. Exits from the crash state are almost always to the bull burst state and occur with close to 50 percent chance suggesting a bounceback effect from the crash to the bull burst state.
Introduction
For many investors the strategic asset allocation decision of how much to invest in major asset classes such as cash, stocks and bonds is the single most important investment decision.
The strategic asset allocation decision can only be made in the context of and conditional * We thank seminar participants at University of Houston, University of Rochester, Federal Reserve Bank of St. Louis and at the Rotterdam Tinbergen conference for comments on an earlier version of the paper. on a model for the joint distribution of returns on such asset classes. Yet, despite the economic significance of this problem, little is known about the joint distribution of returns on stocks and bonds, the extent to which it is subject to nonlinearities and whether conditional correlations between stock and bond returns are subject to frequent changes.
In this paper we study a variety of econometric models for the joint distribution of stock and bond returns. We show that although there are well-defined regimes in the marginal distributions of both stock and bond returns, there is very little coherence between these regimes. This complicates models for the joint dynamics of stock and bond returns and suggests that a richer model with several states is required. We study in detail a richly specified model with four states broadly corresponding to 'crash', 'slow growth', 'bull' and 'bull burst' regimes.
Unfortunately the vast majority of work on regime switching considers univariate models.
Examples include studies of economic variables such as exchange rates (Engel and Hamilton (1990) ), output growth (Hamilton (1989) ), interest rates (Gray (1996) , Ang and Bekaert (2001)). There appears to be no clear guidelines for how to generalize univariate nonlinear models to the multivariate case. Simple generalizations easily yield overwhelmingly large models. To see this, suppose that stock returns are divided into two states based on periods of high and low volatility, while bond returns are divided into recession, low growth and high growth states. Also suppose that the pairs of states are only weakly correlated. In this case a six-state model − comprising low and high volatility recessions, low and high volatility states with low growth and low and high volatility states with high growth − is required to capture the joint distribution of stock and bond returns. In general such models are not feasible to estimate or will be poorly identified since most states are likely only to be visited few times during the sample. 1 The plan of the paper is as follows. Section 2 studies regimes in the individual asset 1 For a further discussion of multivariate regime switching models see Franses and van Dijk (2000, pp 132-134).
returns. Section 3 considers their joint distribution and discusses at some length a four-state specification. Section 4 extends out setup to include additional predictor variables such as the dividend yield. Section 5 concludes.
Stock and bond returns under Regime Switching
In this section we consider the dynamics in the univariate or separate distribution of stock and bond returns. An understanding of the univariate dynamics of the returns for the individual asset classes is an important starting point for our analysis of the joint distribution. We study three major US asset classes, namely stocks, bonds and T-bills although we simplify the analysis to just stock and bonds by analyzing their excess returns over and above the T-bill rate. We further divide the stock portfolio into large and small caps in light of the empirical evidence suggesting that these stocks have very different risk and return characteristics across different regimes, c.f. Perez-Quiros and Timmermann (2000).
Data
All data is obtained from the Center for Research in Security Prices. Our analysis uses monthly returns on all common stocks listed on the NYSE. The first and second size-sorted CRSP decile portfolios are used to form a portfolio of small firm stocks, while deciles 9 and 10 are used to form a portfolio of large firm stocks. We also consider the return on a portfolio of 10-year T-bonds. Returns are calculated applying the standard continuous compounding formula, y t+1 = ln S t+1 − ln S t , where S t is the asset price, inclusive of any cash distributions (dividends or coupons) between time t and t + 1. To obtain excess returns, we subtract the 30-day T-bill rate from these returns. Dividend yields are also used in the analysis and are computed as dividends on a value-weighted portfolio of stocks over the previous twelve month period divided by the current stock price. Our sample is January 1954 -December 1999, a total of 552 observations.
Regimes in the individual series
Before proceeding to the joint model for stock and bond returns we consider the presence of regimes in the individual asset return series. The objective is to assess the degree of coherence across the state variables characterizing the regimes (if any) in the returns on small and large firms and on long-term bonds. A high degree of coherence would naturally suggest a substantial reduction in the overall number of regimes, k, required in the joint model of stock and bond returns.
Each of the univariate random variables is modeled as a simple Markov switching process:
where state transitions are governed by a constant transition probability matrix
Thus each regime is the realization of a first-order, homogeneous, irreducible and ergodic Markov chain. For each series, y i , the number of states, k i , is a key parameter in the proposed model. If k i = 1, we are back to the standard linear model used in much of the literature.
As k i rises, it becomes increasingly easy to fit complicated dynamics and deviations from the normal distribution in asset returns. However, this comes at the cost of having to estimate more parameters which can lead to deteriorating out-of-sample performance.
Economic theory offers little guidance to the most plausible non-linear model capable of adequately fitting the data. When recurrent shifts only affect the diversifiable component of portfolio returns, regime switching should only show up in the form of regime-dependent heteroskedasticity giving rise to a model of the type
On the other hand, when shifts occur in the systematic risk component, then most economic models would suggest regime dependence both in the risk premium (µ) and in the variance:
The presence of autoregressive lags may proxy for omitted state variables tracking timevarying risk premia. This ambiguity about the correct theoretical model suggests we should consider a wide range of models.
To determine k i , we undertook an extensive specification search, considering values of 
is misspecified, we computed the test proposed by Davies (1977) which accounts for the unidentified nuisance parameter problem. To determine the number of states, we adopted the Hannan-Quinn information criterion for model selection (c.f. Rydén et al. (1998) ). This trades off the improved fit resulting from adding more parameters as k i grows against the decreasing parsimony. Davies (1977) , Garcia (1998) and Hansen (1992) . 3 In addition to the Hannan-Quinn information criterion we also considered the Akaike and Schwarz information criteria. Two of three information criteria applied to the univariate series suggest a two-state model for stock returns while all criteria select a three-state model for bond returns.
ity of 29.5%. Conversely, the second -more persistent -regime is associated with very high mean returns (large stocks earn an annualized premium of 11.7%, small stocks a premium of 13%) and low volatility. The estimates of the transition probability matrices for small and large stocks are also quite similar although small stocks tend to stay longer in bear states.
The states identified in the bond returns have a similar interpretation: Regime 1 captures economic recessions during which interest rates tend to fall or stay roughly constant so that long-term bonds earn low but positive average excess returns (1.8% per annum), while their volatility is above-average (8.5%). Finally, regime 2 captures economic booms with rising interest rates and negative excess returns on bonds.
To further assist with the economic interpretation of these states, Figure 1 shows smoothed state probability plots for the two-state models fitted to the individual return series. Although the matching between the high volatility states identified for the two stock portfolios is by no means perfect, there are clearly strong similarities between the two and many wellknown historical episodes trigger similar regime switches in both portfolios, e.g., the Vietnam War in the 1960s, the oil shocks of the 1970s, the volatility surge of 1987-1988, the early 1990s recession, and the Asian flu of 1998. As a result, the correlation between the smoothed probability of state 1 across the two stock return series is 0.52.
Unfortunately there is not much similarity between the regimes identified in the stock and bond returns. Indeed the correlations between the smoothed state probabilities inferred from bond returns and the probabilities implied by both small and large stock returns are close to zero (0. 15-0.16 ). This impression is further enhanced by the scatter plots of smoothed probabilities in Figure 2 , indicating no strong correlations between the states identified for stock and bond returns. Furthermore, many episodes that caused regime switches in the stock market portfolios (e.g., the early 1980s recession and the 1987 crash) are not reflected in similar switches in bond returns.
Of course, this analysis may not fully reveal possible similarities between the nonlinear components in stock and bond returns since we identified three states in bond returns. We therefore next consider three-state models for stock and bond returns. Panel B in Table   1 reports parameter estimates for these models while Figure 3 The lack of coherence between regimes in stock and bond returns encountered in the two-state models is even clearer in the three-state models. The correlation between the smoothed state probabilities for stock and bond returns shown in Figure 3 is systematically negative or close to zero, irrespectively of how the states are ordered.
In conclusion, while there is a strong correlation between the process driving regimes in large and small firms' stock returns, bond returns appear to be governed by a very different process. This is already suggested by the fact that a two-state model is selected for stock returns while a three-state model is chosen for bond returns and is further stressed by the difference in the state transition probability estimates of the two-state models. 4 The fact that a three-state specification fits excess bond returns much better than a simpler, two-regime model and that these states are weakly correlated with those identified in the stock portfolios indicates that multiple regimes are needed to capture the joint distribution of stock and bond returns.
A joint model for stock and bond returns
Earlier studies of regime switching in asset returns focused on separately modeling stock returns or the evolution in interest rates, but do not consider their joint distribution. 5 When considering the portfolio allocation to stocks and bonds, we have to carefully determine the number of states in their joint distribution and need to pay attention to differences in their individual state characteristics.
To capture the possibility of regimes in the joint distribution of asset returns, consider an n × 1 vector of asset returns in excess of the T-bill rate, y t = (y 1t , y 2t , ..., y nt ) 0 . Suppose that the mean, covariance and possibly also serial correlation in returns are driven by a common state variable, S t , that takes integer values between 1 and k:
Here µ st = (µ 1st , ..., µ nst ) 0 is an n×1 vector of mean returns in state s t , A j,st is the n×n matrix of autoregressive coefficients associated with lag j ≥ 1 in state s t , and ε t = (ε 1t , ..., ε nt ) 0 ∼ N (0, Ω st ) follows a multivariate normal distribution with zero mean and state-dependent covariance matrix Ω s t given by
Regime switches in the state variable, s t , are assumed to be governed by the transition probability matrix, P , with elements
Each regime is thus the realization of a first-order Markov chain with constant transition probabilities.
While simple, this model allows asset returns to have different means, variances and correlations in different states. This means that the risk-return trade-off can vary over states in a way that can have strong implications for investors' asset allocation. For example, knowing that the current state is a persistent bull market will make most risky assets more attractive than in a bear state. Likewise, if stock market volatility is higher in recessions than in expansions, equity investments are less attractive in recessions unless their mean return rises commensurably.
Estimation of the joint model is relatively straightforward and proceeds by optimizing the likelihood function associated with our model. Since the underlying state variable, S t , is unobserved we treat it as a latent variable and use the EM algorithm to update our parameter estimates, c.f. Hamilton (1989).
Determination of the number of states
Suppose that each of the n univariate return series is governed by the Markov switching process (??) - (2) . Also assume that the random variables are simultaneously correlated,
although for all i 6 = m and all
Under no further restrictions on the relationship between the individual state variables {s 1t , ..., s nt } the states (S t ) for the joint process {y 1t , ...., y nt } can be obtained from the product of the individual states:
This gives a total of k = Q n i=1 k i possible states and k(k − 1) state transition probabilities. Under independence between the individual states, the transition probability matrix defined on the joint outcome space is simply the Kronecker product of the individual transition matrices and the number of parameters to be estimated reduces to P n i=1 k i which can be considerably smaller than k when n is large. For example, in the bivariate case (n = 2) we have
Obviously, the original n-variable Markov switching process with Q n i=1 k i states is perfectly equivalent to a modified univariate Markov switching process characterized by
In practical multivariate problems of even moderate size this representation is not, of course, of any practical use. For example, in the case with three variables each of whose marginal distribution has three states (n = 3, k i = 3) the total number of states would be 27, involving the estimation of 702 parameters in the transition probability matrix alone.
This suggests the need for carefully considering ways for the econometric modeler to reduce the set of states required to capture the essential dynamics of the joint distribution.
To determine the number of states for the joint model, k, we undertook an extensive specification search, considering values of k = 1, 2, 3, 4, 5 and different values of the autoregressive order, p. Results from the specification analysis are presented in Table 2 . In all cases linearity is very strongly rejected no matter how many states and lags are present in the regime switching model. The Hannan-Quinn information criterion supports four states.
There is only weak evidence of an autoregressive component in asset returns. We therefore settle on a four-state regime switching model without autoregressive terms.
6 6 The number of parameters involved in our model depends on the number of assets, n, the number of states, k, and the number of autoregressive lags and is equal to (nk + pn 2 k + k
. For the preferred model n = 3, k = 4, p = 0, so we have 48 parameters and 1,656 data points for a saturation ratio (the number of data points per parameter) of 35.
Interpretation of the States
Having determined the number of states we next focus on their economic interpretation. 
Mean and Variance Restrictions
The preferred four-state heteroskedastic model is characterized by a large number of parameters, namely 48. It is therefore legitimate to wonder whether a more parsimonious specification can be constructed by imposing further restrictions on the parameter space, as in, e.g., Ang and Bekaert (2002a, pp. 1148-1150).
Although the results reported in Table 3 confirm that most of the mean excess returns parameters in µ st are significantly different from zero and differ from each other, it is commonly found that mean asset returns are difficult to estimate precisely, suggesting that the fit of our model would not be greatly reduced from restricting the intercept vector µ to be identical across regimes: 
Additional Predictor variables
Equation ( 
where µ zst = (µ z1st , ..., µ zmst ) 0 is the intercept vector for z t in state s t , {A * j,s t } 
This setup is directly relevant to the large literature in finance which has reported evidence of predictability in stock and bond returns. While many predictor variables have been proposed, one of the key instruments is the dividend yield; see, e.g., Campbell and Shiller (1988) and French (1988, 1993) .
Notice that when k = 1, equation (8) 
Empirical Results
Again we conducted a battery of tests to determine the best model specification. To select the lag order for the extended model we first estimated a range of VAR(p) models, where p was gradually augmented and information criteria used to evaluate the effect of additional lags. 7 All information criteria as well as a sequential likelihood ratio test pointed towards a VAR(1) model. This is unsurprising given the strong persistence of the dividend yield.
Turning next to the search across different numbers of states, k, table 6 suggests that, although the model has now been extended by an autoregressive term, a four-state model continues to provide the best trade-off between fit and parsimony. 8 Table 7 shows the 7 As suggested by Krolzig (1997, p. 128 ) the autoregressive order p in a regime switching model can conveniently be pre-selected as the maximal lag order p obtained in the single state VAR. 8 There is clear evidence of separate regimes in the univariate dividend yield series. Independently of the specific form of the estimated regime switching model, the null of linearity was rejected using Davies' (1977) upper bounds for the p-values of likelihood ratio tests in the presence of nuisance parameters.
parameter estimates for the preferred model specification. Results for a comparable single state VAR(1) model are shown to provide a benchmark for the richer four-state model.
In the linear model the dividend yield predicts returns on small stocks but does not appear to be significant in the equations for returns on large stocks and long-term bonds. 9 As expected, the dividend yield is highly persistent and the estimated correlation matrix shows a strong positive correlation between the returns of small and large stocks while stock returns are strongly negatively correlated with simultaneous shocks to the dividend yield.
Estimates of the autoregressive matrices,Â j , suggest that the effect of changes in the dividend yield on excess asset returns continues to be strong in the multi-state model. Inclusion of the dividend yield therefore does not weaken the evidence of multiple states, nor does the presence of such states in a framework that allows for heteroskedasticity remove the predictive power of the dividend yield over asset returns. 10 As in the pure return regime-switching model, the transition probability matrix continues to have a very special structure. Exits from states 1 and 2 are almost always to the bull-burst state 4, while exits from states 3 and 4 are predominantly to the crash state 1.
To assist with the economic interpretation of the four regimes, Figure 5 plots the smoothed state probabilities. Regime 1 continues to pick up market crashes, characterized by negative, double-digit (on an annualized basis) mean excess returns (-38% and -49% for large and small firms and -10% for bonds), 11 while the dividend yield is relatively high (4%). Volatility is also above average. The probability of regime 1 is highest around the oil price shocks of the 1970s, the recession of the early 1980s, the October 1987 stock market crash, the Kuwait 9 A one standard deviation increase in the dividend yield incrases the annualized excess return on small stocks by 1.2%. The corresponding figures for large stocks and bonds are 0.23% and 0.25%, respectively. 10 After controlling for regime switching in a univariate model for the returns of a value-weighted portfolio of stocks, Schaller and Van Norden (1997) find that the dividend yield remains significant in a regime switching model with homoskedastic shocks but is insignificant once the volatility is allowed to be state-dependent. 11 The mean excess return in each regime (k) is the weighted sample average of mean excess returns:
where
Invasion in 1990 and the Asian flu. It matches the beginning of major U.S. business cycle contractions and also picks up many well-known episodes with low returns and high volatility. In steady state this regime occurs 15% of the time although it has an average duration of only two months. The autoregressive coefficients indicate substantial predictability of small and large firms' returns in this state. Lagged bond returns and dividend yields have the strongest predictive power and small stocks' returns are also strongly serially correlated.
The dividend yield is highly persistent but unpredictable from past asset returns.
Regime 2 is a slow growth state characterized by single-digit excess stock returns (9.9% and 8.8% for large and small firms, respectively) and moderate volatility. During the stagnating markets of the mid-1970s and the first half of the 1990s long periods of time was spent in this state. This state is highly persistent, lasting on average almost 16 months and occurring close to one-third of the time. There is less predictability of returns in this regime although the dividend yield still affects stock returns, again with the expected positive sign. does not last long with an average duration of only 2 months. Nevertheless, at 18%, its steady-state probability is quite high. As in regime 1, there is some predictability and the dividend yield forecasts returns on small caps and long-term bonds in the fourth regime.
Conclusion
The joint distribution of stock and bond returns follows a richly dynamic, nonlinear pattern.
We found that standard linear models do not capture essential features of this distribution and that four regimes are required to capture the time-variation in the mean, variance and correlation between large and small firms' stock returns and long-term bond returns. Two regimes capture outliers with low persistence and two regimes are intermediate states with
higher persistence. Furthermore, the transitions between these regimes takes a very special form with exits from the highly volatile bear state mostly being to the volatile bull-burst state with high expected returns, suggesting the presence of bounce-back effects after a period with large negative returns. Our conclusions do not change when we add the dividend yield as a predictor in our model.
There are several extensions of this work that would be interesting to consider. First, while we used diagnostic tests and information criteria to choose the number of regimes in the univariate and multivariate models, another possibility is to select the preferred model on the basis of its forecasting performance in an out-of-sample experiment. It is a common finding in economics that nonlinear models provide good in-sample fits, but perform worse out-of-sample. One could select the architecture of the regime switching model -primarily the number of states and the number of autoregressive terms -on the basis of its out-ofsample forecasting performance.
A second extension of our results is to consider their asset allocation implications. This is done in Guidolin and Timmermann (2003) . It turns out that the regime switching model not only affects the optimal level of asset holdings across a range of preference specifications, but also affects how the optimal asset allocation relates to the investor's time horizon, bear states giving rise to upward sloping investment schedules while bull states give rise to downward sloping investment schedules linking optimal stock holdings to the investment horizon. IIN(0,1) . j =1, 2, 3 indexes excess returns on portfolios of large and small stocks and on 10-year long term T-bonds. Data are monthly and obtained from the CRSP tapes. Excess returns are calculated as the difference between portfolio returns and yields on 30-days T-bills. The sample period is 1954:01 -1999:12. For likelihood ratio tests we report in square brackets the p-value based on χ 2 (r) distribution (r is the number of restrictions) and in curly brackets the pvalue based on Davies' (1977) N Ω 0 ε ε ε . S t is governed by a first-order Markov chain that can assume k values. p autoregressive terms are considered. The three monthly return series comprise a portfolio of large stocks (ninth and tenth CRSP size decile portfolios), a portfolio of small stocks (first and second CRSP deciles), and 10-year T-bonds all in excess of the return on 30-day T-bills. The data was obtained from the CRSP tapes. The sample period is 1954:01 -1999:12. is  IIN(0,1) . i =1, 2, 3 are indexes for returns on large stocks, small stocks and 10-year T-bonds portfolio. The data are monthly and obtained from the CRSP tapes. Excess returns are calculated as the difference between portfolio returns and yields on 30-days T-bills. The sample period is 1954:01 -1999:12. is IIN(0,1) . i =1, 2, 3 indexes excess returns on a large cap portfolio (ninth and tenth size deciles), on a small cap portfolio (first and second deciles), and on a 10-year long term T-bonds portfolio. The data are monthly and obtained from the CRSP tapes. Excess returns are calculated as the difference between portfolio returns and yields on 30-days T-bills. The sample period is 1954:01 -1999:12. 
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